Abstract. A link in the 3 -sphere is called (smoothly) slice if its components bound disjoint smooth embedded disks in the 4 -ball. More generally, given a 4 -manifold M with a distinguished circle in its boundary, a link in the 3 -sphere is called M -slice if its components bound in the 4 -ball disjoint embedded copies of M . A 4 -manifold M is constructed such that the Borromean rings are not M -slice but the Hopf link is. This contrasts the classical link-slice setting where the Hopf link may be thought of "the most non-slice" link. Further examples and an obstruction for a family of decompositions of the 4 -ball are discussed in the context of the A-B slice problem.
Introduction
The classification of knots and links up to concordance, and in particular the study of slice links, is a classical and challenging problem at the interface between 3-and 4-manifold topology. Recall that a link in the 3-sphere is called smoothly (respectively topologically) slice if its components bound disjoint smooth (respectively locally flat) embedded disks in the 4-ball, where S 3 = ∂D 4 . The results of this paper take place in the smooth category, so without further mention all 4-manifolds and maps between them will be smooth.
Let M be a 4-manifold with a distinguished circle in its boundary γ ⊂ ∂M , embedded in the 4-ball: (M, γ) ⊂ (D 4 , S 3 ). A link L = (l 1 . . . , l n ) in the 3-sphere is called M -slice if there exist n disjoint embeddings f i : (M, γ) ֒→ (D 4 , S 3 ) such that f i (γ) = l i , i = 1, . . . , n. The classical notion of a slice link corresponds to M equal to the 2-handle: (M, γ) = (D 2 × D 2 , ∂D 2 × 0). We impose an additional requirement in the definition of M -slice that each embedding f i is isotopic to the original embedding (M, γ) ⊂ (D 4 , S 3 ). (It follows from [5] that the resulting theory is quite different depending on whether this requirement is imposed or not. This is discussed in more detail further below.) The main result of this paper is the following theorem. This result contrasts the usual slice setting: note that any link in S 3 bounds smooth disks in D 4 , possibly intersecting and self-intersecting in a finite number of transverse double points. The intersection (and self-intersection) of surfaces in 4-space is locally modeled on two coordinate planes intersecting at the origin in R 4 , and the link of the This research was supported in part by the NSF.
singularity is the Hopf link. Thus in a naive sense, "if the Hopf link were slice the double points could be resolved and any link would be slice". In this imprecise sense, the Hopf link plays a role in link theory analogous to that of the free group F on two generators in group theory: the Hopf link is "the most non-slice link" similarly to F being "the most non-abelian group". The theorem above shows that that this analogy does not extend to the more general notion of M -slice links.
The manifold M in the proof of the theorem is constructed in section 2 as a handlebody with 1-and 2-handles, and the embedding/non-embedding results are proved in the relative-slice context introduced in [2] . Here the 1-handles embedded in D 4 are dually considered as 2-handles removed from the collar on the boundary, and the embedding question is equivalent to slicing the attaching link for the 2-handles "relative to" the link corresponding to the 1-handles.
The fact that the Hopf link is M -slice is proved in section 3, using properties of the Milnor group [8] adapted to the relative-slice context. The second part of the theorem, asserting that the Borromean rings are not M -slice, relies on a subtle calculation in commutator calculus, see section 4.
The notion of an M-slice link arises naturally in the the A-B slice problem [1, 2] , a formulation of the 4-dimensional topological surgery conjecture. The analysis necessary for finding an obstruction for the Borromean rings in theorem 1 is quite different compared to previously considered examples in the subject, see section 5 for further discussion.
Construction of M
The starting point of the construction is the handlebody
, where the 2-handles are attached to the Bing double of the core of the solid torus S 1 × D 2 × {1}, figure 1. The distinguished circle ("attaching curve") of A 0 is α = S 1 × {0} × {0}. This handlebody is easily seen to embed into D 4 ; it is the complement of a standard embedding into D 4 of a genus one surface with boundary:
Σ is a genus surface with ∂Σ = β , and the curves α, β form the Hopf link in ∂D 4 . Iterating this construction (applying the Bing doubling described above) to various 2-handles of A 0 , B 0 one gets the family of model decompositions of the 4-ball, see [2] for more details. The construction in this paper builds on recent work of the author in [5, 6] , and it is quite different from the model decompositions.
The relevant 4-manifold A used in the proof of theorem 1 is obtained by attaching a single 1-handle to A 0 , as shown on the left in figure 2. (The actual manifold M in the statement of theorem 1 will be defined as A with a number of self-plumbings of its 2-handles, see section 3.) To avoid drawing unnecessarily complicated diagrams later in the paper, a short hand handle notation for A is introduced on the right in figure 2. Note that the link formed by the two dotted components is the two-component unlink, and the diagram in figure 2 is indeed a Kirby diagram of a 4-manifold. There is a band visible in the picture which is involved in the connected sum of "parallel copies" of the two zero-framed 2-handles (they are not actual parallel copies since the dotted curve on the left and the attaching curves of the two 2-handles form the Borromean rings, while the dotted curve on the left and the two "parallel copies" form the unlink as shown on the right in figure 9 ). A particular choice of this band in the 3-sphere is not going to be important for the argument, as long as the dotted link is the unlink. The construction in figure 2 differs from an example in [5, 6] in the attaching curve of the "interesting" 1-handle. The properties of the resulting 4-manifolds are quite different, and the analysis required to formulate an obstruction for the Borromean rings in this paper is substantially more subtle. This work sheds a new light on the techniques necessary for a solution to the A-B slice problem, see section 5.
The Hopf link is M -slice
The proof of theorem 1 will be given in the following two sections in the context of the relative-slice problem (introduced in [2] and also described below) using the Milnor group. The reader is referred to the original reference [8] for a more complete introduction to the Milnor group of links in the 3-sphere. The application in this paper will concern a variation of the theory for submanifolds in 4-space which will be summarized next.
3.1. The Milnor group. Definition 3.1. Let G be a group normally generated by a finite collection of elements g 1 , . . . , g n . The Milnor group of G, relative to the given normal generating set {g i }, is defined as
The Milnor group is a finitely presented nilpotent group of class ≤ n, where n is the number of normal generators in the definition above, see [8] . Suppose Σ is a collection of surfaces with boundary, properly and disjointly embedded in (D 4 , S 3 ), and let G denote
Consider meridians m i to the components Σ i of Σ: m i is an element of G which is obtained by following a path α i in D
4
Σ from the basepoint to the boundary of a regular neighborhood of Σ i , followed by a small circle (a fiber of the circle normal bundle) linking Σ i , then followed by α −1 i . Observe that G is normally generated by the elements {m i }, one for each component of Σ.
Let F g 1 ,...,gn denote the free group generated by the {g i }, i = 1, . . . , n, and consider the Magnus expansion
into the ring of formal power series in non-commuting variables {x i }, defined by
. . The Magnus expansion induces a homomorphism (which abusing the notation we denote again by M ) from the free Milnor group
] by the ideal generated by all monomials x i 1 · · · x i k with some index occuring at least twice. It is proved in [8] that the homomorphism (3.3) is well-defined and injective.
The relations in (3.1) are very well suited for studying links L in S 3 up to link homotopy. In this original setting for the definition of the Milnor group [8] one takes G to be the link group π 1 (S 
In particular, a link is null-homotopic iff its components bound disjoint maps of disks into D 4 , and in this case the Milnor group is isomorphic the free Milnor group. Surfaces of higher genus give rise to additional relations in the fundamental group of the complement, and the Milnor group in this more general case depends on linking of the surfaces in D 4 .
3.2.
The relative slice problem. The proofs of the embedding and non-embedding statements in this paper will be based on the relative-slice reformulation of the problem, see [2] and also [5] for a more detailed introduction.
Let L = {l i } denote the attaching curves of the 2-handles of the 4-manifolds that are to be embedded in the 4-ball, also let R = {r j } denote the dotted curves corresponding to the 1-handles. The 1-handles are considered as unknotted 2-handles removed from the collar on the attaching region of a given 4-manifold. Considering a slightly smaller 4-ball (the original D 4 minus the collars on the attaching regions), a given embedding problem is then equivalent to "slicing L relative to R": finding slices for the link L in the handlebody D 4 ∪ R 2-handles, where the 2-handles are attached with zero framing to D 4 along the dotted components R. (See [2, 5] for more details and illustrations.)
The relative-slice problems corresponding to the statements in theorem 1 for the Hopf link and for the Borromean rings are shown in figures 3 and 5 respectively. The circled numbers next to the components r 1 , r 2 in figure 3 are the indices of the slices that go over the 2-handle attached to the curves r i , this is discussed further in section 3.4 below. for two copies of the manifold A in figure 2 attached to the Hopf link: the curves l 1 , . . . , l 4 need to be sliced in the handlebody D 4 ∪ r 1 ,r 2 0-framed 2-handles.
In practice the slices in a solution to the relative-slice problem will be constructed by taking band sums of the components l i with parallel copies of the curves r j . These bands correspond to index 1 critical points of the slices with respect to the radial Morse function on D 4 , and parallel copies of r j bound disks in the 2-handle attached to r j . If the resulting link L ′ is null-homotopic (in the sense discussed in section 3.1), the construction of the (singular) slices is completed by capping off the components of L ′ by disjoint disks in D 4 . These disks in general will have self-intersections; indeed the approach outlined here can be used either to find an obstruction (as in section 4) or to find a solution up to link homotopy, i.e. disjoint slices which may have self-intersections, as in section 3.4. . This requirement is reflected in the relative-slice context by the condition that the slices bounded by the curves l i of a given 4-manifold do not go over the 2-handle (attached to the dotted curve) corresponding to the 1-handle of the same 4-manifold. Specifically, in figure 3 figure  3 , where the dotted curves are defined in figure 2 . The link L formed by the components l 1 , . . . , l 4 is almost trivial (deleting any component yields a null-homotopic link), and in fact the same statement is true for the link L ∪ r 1 ∪ r 2 . In particular, any link formed from L by taking band sums with parallel copies of r 1 , r 2 is almost trivial. To read off the word represented by
) it is useful to consider a 2-stage capped grope [4] , shown in figure 4, bounded by l 1 : the two surface stages are embedded in the link complement while the caps intersect the link as shown in the figure below. It follows that l 1 represents the word
where m i , a, b denote meridians to l i , r 1 , r 2 respectively. Consider band sums indicated in figure 3 : the circled numbers are the indices of the slices (bounded by the curves l i ) that go over the 2-handles attached to r 1 , r 2 . Specifically, parallel copies of r 1 are added to both l 3 and l 4 , and a parallel copy of r 2 with reversed orientation is added to l 2 . It will be clear from the discussion below that the choice of bands is not going to be important for the argument since the difference between various choices is measured by higher order commutators which are trivial in the relevant Milnor group. Denote the components formed by the band summing by l
Recall the commutator identities (cf. [7] )
In the free Milnor group
Using the identity [
Disregarding conjugation in the Hall-Witt identity [7] (3.6)
one gets the Jacobi relation
) denote the link which is the result of band-summing discussed above. As noted in the first paragraph of section 3.4, L ′ is almost trivial and the point of the calculation above is that
′ is null-homotopic and its components bound disjoint maps of disks into D 4 . This gives a solution up to link-homotopy to the relative-slice problem for the Hopf link (see the end of section 3.2), which is "standard" in the sense of remark 3.3.
The detail that is missing from the conclusion of the proof of theorem 1 for the Hopf link is that the two copies of the manifold M have to be embedded, while the outcome of the argument so far is a map of two copies A ′ , A ′′ of A into D 4 where individual 2-handles have self-plumbings. The null-homotopies produced as a result of Milnor group calculations may be realized as a sequence of standard "elementary homotopies" of link components which are geometric realizations of the defining relations in the Milnor group (3.1), see [8] . Define M to be A with a number of self-plumbings of its two 2-handles, determined by those of both A ′ and A ′′ . The construction above then yields an embedding of two copies of M as required in the theorem.
An obstruction for the Borromean rings
This section completes the proof of theorem 1 by showing that the Borromean rings do not bound in D 4 disjoint standard embeddings of three copies of (M, γ). This argument is important in the context of the A-B slice problem, discussed in section 5.
The relative slice formulation (see section 3.2) corresponding to the embedding problem for three copies of the manifold A in section 2 is shown in figure 5 . (The manifold M in the statement of theorem 1 was defined at the end of last section as A with a number of self-plumbings of its 2-handles; note that these self-plumbings do not affect the Milnor group arguments below.) Suppose to the contrary that the Borromean rings bound disjoint standard embeddings of three copies A i , i = 1, 2, 3 of A; equivalently assume the link in figure 5 is relatively slice, subject to the "standard" condition discussed in remark 3.3. This condition is reflected in the fact that the slices for l 1 , l 2 do not go over r 1 , and similarly l 3 , l 4 do not go over r 2 , and l 5 , l 6 over r 3 . (Without this restriction, it is not hard to find a solution to this relative-slice problem.) This condition is important in the A-B slice problem [2] (see section 5 for a further discussion), and examples where this assumption affects the question of whether a link is M -slice were first given in [5] . Denote meridians to the components l i by m i The first homology H 1 (X) is generated by m 1 , . . . , m 5 ; abusing the notation we will view {m i } as based loops in X normally generating π 1 (X) and also as generators of Mπ 1 (X).
Consider the 120-dimensional vector space V spanned by commutators of the form
] in 5 non-repeating variables, so the indices (i 1 , i 2 , i 3 , i 4 , i 5 ) range over all permutations of (1, . . . , 5). Omitting the curves r 1 , r 2 , r 3 in figure 5 , the remaining link is the Bing double of the Borromean rings and l 6 represents the commutator
in the complement of the other five components. An observation important for the proof below is that any band sum of the curves {l i } and parallel copies of the dotted curves r j in the link in figure 5 gives rise to commutators of the form 
The element w is certainly in U ; with a little effort one may write down a sequence of Jacobi relations (3.7) showing that w is also in J .
The following proposition describes a convenient basis of the space of commutators in non-repeating variables modulo the Jacobi and anti-symmetry relations. (A directly analogous statement works for n-fold commutators for arbitrary n; the result is stated below in the case n = 5 relevant for the current proof.) Proof. To show that the commutators in the statement span V /J , start with any com-
and use the anti-symmetry relation to shift m 5 to the right-most position. In general this will change the bracketing pattern of the commutator. Now the Jacobi relations (3.7) may be used to rebracket and get a product of commutators of the form
To show that these elements are linearly independent in V /J , consider the Magnus expansion (3.3) and note that the monomial
Proof of lemma 4.1. It follows from proposition 4.2 that V /J is 24-dimensional. Recall that U is a 15-dimensional subspace of V spanned by the commutators that appear in the statement of lemma 4.1. Using the Jacobi and anti-symmetry relations, 12 among these 15 commutators are seen to be products of two "basic" commutators (4.2), in total the 24 of them form the basis of V /J and so clearly no linear combination of these 12 elements may intersect J non-trivially. There are also 3 "complicated" commutators which appear in the 4th line in lemma 4.1. Each of them is a product of 8 commutators of the form (4.2), and the total 24 of them again are a basis of V /J . It follows that only one non-trivial linear combination among the 15 commutators is possible, it is the one stated in the lemma.
As stated in (4.1), without the components {r j } the curve l 6 reads off the first commutator in the definition of w in lemma 4.1. Let w ′ denote the rest of them, so w = l 6 w ′ . For the relative-slice problem in figure 5 to have a solution, the slices going over r 1 , r 2 , r 3 must "account for" the product w ′ .
Proposition 4.3. The 1-dimensional subspace spanned by the element w ′ is not in the image of the relator curves r 1 , r 2 , r 3 .
The proof of this proposition consists of an explicit check that this linear algebra problem does not have a solution. It is instructive to compare with section 5.2 and figure 10 where a solution is shown to exist for a closely related problem. A. As in figure  2 , the picture on the right will serve as a short-hand notation for B .
As in section 4 this embedding question is reformulated as a relative-slice problem, which has a solution (up to link-homopy) shown in figure 8 . The problem is to find disjoint disks (with self-intersections) for the link components labeled 1-6 in the handlebody D 4 ∪ six zero-framed 2-handles attached along the dotted curves. As in section 3.4, the circled indices next to each dotted component show what slices go over the corresponding 2-handle.
More precisely, a meridian m i is fixed to the component l i , and each circled expression is the word read off from the co-core of the 2-handle attached to a given dotted component. In practical terms, a solution is constructed by taking band-sums of the link components that need to be sliced with parallel copies of the dotted curves, so that the result is a homotopically trivial link. For example, the circled expression 4 6 5 6 2 in the lower left corner of the figure means the word read off by the co-core of this 2-handle is m 5 · m 2 . This is implemented by taking band sums of the components l 4 , l 5 , l 2 with parallel copies of this dotted curve, and the conjugation is achieved by choosing a suitable band.
It is important to note that we are looking for standard embeddings of the copies of B bounded by the Borromean rings (see remark 3.3). This means that in figure 8 the slices for l 1 , l 4 are not allowed to go over the two 2-handles attached to the dotted curve on A solution to the relative-slice problem for three copies of A ′′ on the Borromean rings is given in figure 10 . (Note the assymetry of labels going over the top two components: some assymetry is necessary since a solution does not exist for three copies of A, according to theorem 1.) The reader is encouraged to check that the resulting product of The decomposition D 4 = A ′ ∪ B ′ is the subject of the papers [5, 6] . It is shown in [6] that the Borromean rings do not bound three standard copies of A ′ , on the other hand a solution for the other side, B ′ , may be found along the lines of that shown in figure 8.
5.3.
Conclusion. Given a decomposition of the 4-ball, D 4 = A ∪ B , into two codimension zero submanifolds where the "attaching curves" α, β of A, B form the Hopf link in S 3 = ∂D 4 , an important question in the A-B slice program is to determine whether there is necessarily an obstruction to the Borromean rings being both A-slice and B -slice in the sense of theorem 1, see [2] and also [5, 6] .
To summarize the results of this paper in the context of the AB slice problem, in each of the examples considered here, D 4 = A ∪ B = A ′ ∪ B ′ = A ′′ ∪ B ′′ , precisely one of the two sides is "strong", and the key to deciding which side is strong is whether the element w in lemma 4.1 is in the image of the relator curves on the A-side. The work presented here admits an immediate generalization giving raise to an obstruction for an infinite family of decompositions by further Bing doubling the links describing the Kirby diagrams in figures 2, 9. 
